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An (v, •, 2) packing design of order v, block size ~, and index 2 is a collection 
of ~:-element subsets, called blocks, of a set V such that every 2-subsets of V occurs 
in at most 2 blocks. The packing problem is to determine the maximum number of 
blocks in a packing design. In this paper we provide a powerful technique for 
constructing designs and solve the packing problem in the case tc = 5, 2 = 2, and 
v is even. © 1993 Academic Press, Inc. 
1. INTRODUCTION 
An (v, ~c, 2) packing design of order v, block size ~:, and index 2 is a 
collection fl of x-element subsets, called blocks, of an v-set V such that 
every 2-subset of V occurs in at most 2 blocks. 
Let a(v, ~c, 2) denote the maximum number of blocks in an (v, x, 2) 
packing design. An (v, x, 2) packing design with lflJ =a(v, x, 2) will be 
called a maximum packing design. 
Schonheim [14] showed that 
a(v,~c, 2)~< L~c-1 J J  0(v,~c, 2), 
where [x] is the largest integer satisfying x >~ Ix]. 
43 
0097-3165/93 $5.00 
Copyright © 1993 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
44 ASSAF, SHALABY, AND SINGH 
The value of v-(v, 3, 2) for all v and 2 was determined by Hanani [10]. 
The value of a(v, 4, 1) was determined by Brouwer [8]; and a(v, 4, 2) for 
all v and 2 was determined by Assaf [ 1 ], Billington, Stanton, and Stinson 
[7], and Hartman [11]. a(v, 5, 4) was determined by Assaf and Hartman 
[2] and a(v, 5, 2), where 2=8,  12, 16, was determined by Assaf and 
Shalaby [3] with a few possible exceptions. 
In order to state the result known about v-(v, ~c, 2), we need the following 
definition. A balanced incomplete block design B[v, i¢, 2] is an (v, ~c, 2) 
packing design where every 2-subset of points is contained in exactly 
2 blocks. If a B[v, ~c, 2] exists, then it is clear that a(v, ~c, 2 )=2v(v -1) /  
K( tc -1)=O(v,~,2)  and Hanani[10] proved the following existence 
theorem for B[v, 5, 2]. 
THEOREM 1.1. Necessary and sufficient conditions for the existence of a 
B[v, 5,2] are that 2(v - l ) -0  (rood4) and 2v(v -1) -0  (mod20) and 
(v, 2) ¢ (15, 2). 
This theorem implies that a(v, 5, 2) = 0(v, 5, 2) for all v -- 1, 5 (mod 10), 
v~15. 
In this paper we are interested in determining the values of ~(v, 5, 2) for 
all v even. Our goal is to prove that a a(v, 5, 2) = O(v, 5, 2) for all v even. 
Specifically we prove the following. 
THEOREM 1.2. For all positive and even integers v we have ~(v, 5, 2)= 
O(v, 5, 2). 
2. RECURSIVE CONSTRUCTIONS OF PACKING DESIGNS 
In order to describe our recursive constructions, we need the notions of 
designs with a hole, transversal designs, and truncated transversal designs. 
Let (V, fl) be an (v, ~:, 2) packing design, and let H be a subset of V of 
cardinality h. We shall say that (V, fl) is a packing design with a hole of 
size h if no 2-subset of H appears in any block, and every other 2-subset 
of V appears in at most 2 blocks. If an (v, ~:, 2) packing design has a 
~//(V, 1¢, .~) ---- (202 + CV -F d)/x(~: - 1) block, where c and d are integers, then 
an (v, x, 2) packing design with a hole of size h has (v -h ) [2 (v  + h)+ c]/ 
x(x -1 )  blocks; see Hanani [10, p. 359, Lemma7.1]. In the case x=5,  
2 = 2, and v, h are even the number of blocks in an (v, 5, 2) packing design 
with a hole of size h is precisely O(v, 5, 2) - O(h, 5, 2). 
Let x, )~, m, and v be positive integers. A group divisible design 
GD[~c, 2, m, v] is a triple (V, fl, ?), where V is a set of points with I VI = v, 
and 7 = {G1, ..., Gn} is a partition of V into n sets of size m, called groups. 
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The collection/3 consists of k-subsets of V, called blocks, with the following 
properties: 
1. IBc~ Gi[ ~< 1 for all Bef l  and G~e7; 
2. every 2-subset {x, y} of V such that x and y belong to distinct 
groups is contained in exactly 2 blocks. 
A GD[~, 2, m, v] the blocks of which can be partitioned into parallel 
classes is called a resolvable group divisible design and is denoted by 
RGD[~c, 2, m, v]. It is well known [12] that RGD[4, 1, 4, v] exists for all 
v=4 (mod 12). 
Group divisible designs with block size 5 are still almost unknown. But 
in her Master's degree (under the supervision of H. Hanani) D. Avidan [5] 
investigated the existence of GD[5, 1, 5, 5n] and she proved the following. 
T~EOREN 2.1. There exists a GD[5, 1, 5, 5n] for all n = 1 (mod 4) with 
the possible exception of n e {33, 57, 93, 133, 177, 213, 413, 437, 489, 
493,497 }. 
A GD[~c, 2, m, ~cm] is called a transversal design and denoted by 
T(~:, 2, m). It is well known that a T(~c, 1, m) is equivalent o ~c-2 mutually 
orthogonal Latin squares of side m. In the sequel we shall use the following 
existence theorems for transversal designs. The proofs of these results may 
be found in [6, 9, 10, 13, 151. 
THEOREM 2.2. There exists a T(6, 1, m)for  all positive integers m with 
the exception of m e {2, 3, 4, 6 } and the possible exception of m e { 10, 14, 
18, 22, 26, 28, 30, 34, 38, 42, 44, 52}. 
We now give the definition of truncated transversal design. Let ~, 2, and 
m be positive integers, and let u be a non-negative integer. A truncated 
transversal design TT(•, 2, m, u) is a triple (V,/3, 7), where V is a set of 
points with ]V[ = (~c - 1) m + u and ~ = {G1, ..., Gk} is a partition of V into 
to-  1 sets of size m and one set, Gg, of size u. Gi are called the groups of 
the truncated transversal design. The collection fl consists of ~c-subsets and 
(~-  1)-subsets of V, called blocks, with the following properties: 
1. [Bc~Gi[=l  fo ra l lBE f land  l~<i<t¢; 
2. I BnGk l  = 1 for all B e/~ such that I BI =~c; 
3. every 2-subset {x, y} of V such that x and y belong to distinct 
groups is contained in exactly 2 blocks. 
Clearly a TT(tc, 2, m, 0) is equivalent o a TT(K -  1, 2, m). Furthermore, 
if O<~u<~rn then one may construct a TT(K, 2, m, u) from a transversal 
design T(K, 2, m) by removing points from the last group, and from all the 
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blocks which contain them. Thus, we have the following existence results, 
which are in the form most useful to us. 
THEOREM 2.3. There exists a TT(6, 1, m, u ) fo r  all integers 0 <~ u<. m 
and for all positive integers m with the exception of m ~ {2, 3, 4, 6} and the 
possible exception o fm~ {10, 14, 18, 22, 26, 28, 30, 34, 38, 42, 44, 52}. 
THEOREM 2.4. (Hanani [10]). There exists a T(5, 2, m) for all positive 
integers m. 
We can now give some of the recursive constructions that are used in the 
proof of our main theorem. But first we need the following. 
LEMMA 
GD[5, 2, 
size u. 
2.1. I f  there exists a TT(6, 1, m/2, u/2) then there exists a 
{m, u*}, 5m+u] ,  where * means there is exactly one group of 
Proof Take a TT(6, 1, m/2, u/2), and let X denote the point set of this 
design. Construct a GD[5, 2, {m, u*}, 5m + u] by replacing each point 
x ~ X by two points {x0, xl } so the groups are of sizes m and u. On each 
block B of size 5 construct a GD[5, 2, 2, 10] in such a way that it has 
groups {bo, bl} for b e B. Such a design exists by Theorem 2.4; and on each 
block of size 6 construct a GD[5, 2, 2, 12], where the groups are {b0, b l} 
for b6B.  See [10, p. 284] for the existence of GD[5, 2, 2, 12]. 
THEOREM 2.5. I f  there exists a GD[5,2,  {m, u*}, 5re+u],  where u is 
even and m =- 0 (mod 10), and /f a(m, 5, 2) = 0(m, 5, 2) and a(u, 5, 2) = 
0(u, 5, 2), then a(5m + u, 5, 2) = O(5m + u, 5, 2). 
Proof On the groups of size m and the group of size u construct an 
(m, 5, 2) and a (u, 5, 2) packing design with O(m, 5, 2) and O(u, 5, 2) 
blocks, respectively. 
By the same method we can prove the following. 
THEOREM 2.6. I f  there exists a GD[5, 1, 5, 5m] then cr(10m, 5, 2 )= 
O(10m, 5, 2). 
Proof Inflate the design GD[5, 1, 5, 5m] by 2 and on the blocks 
construct a GD[5, 2, 2, 10] which exists by Theorem 2.4 and on the groups 
construct a maximum (10, 5, 2) packing design. In Lemma 3.2 we shall see 
that ~(10, 5, 2) = O(10, 5, 2). 
Let us add h points to the groups of a GD[5, 2, {m, u*}, 5m+u]  (m is 
not necessarily congruent o zero rood 10 but m, u, h are all even). On the 
groups of size m construct an (m + h, 5, 2) packing design with a hole of 
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size h; and on the last group construct a (u+h,  5, 2) packing design 
(we assume the last two designs to exist). The resultant design is a 
(5m + u + h, 5, 2) packing design. We may write the above observation as 
the following. 
THEOREM 2.7. Let m, u, h be even numbers. I f  there exists a GD[5, 2, 
{m, u*), 5m+u] ,  and there exists an (m+h,  5, 2) packing design with a 
hole of size h and a(u + h, 5, 2) = ~(u + h, 5, 2) then ~r(5m + u + h, 5, 2) = 
~(5m+u+h,  5, 2). 
Before proceeding in our recursive constructions, we need the notion of 
modified group divisible designs. Let m, x, 2, and v be positive integers. A 
modified group divisible design MGD[x, 2, m, v] is a triple (V, fi, 7), where 
V is a set of points of size v, and 7 = {G1, ..., G,} is a partition of V into 
n sets of size m, called groups. The collection fl consists of x-subsets of V, 
called blocks, with the following properties: 
1. [Bc~Gi [<<. l fo ra l lB~f landGi~;  
2. every 2-subset {x, y} of V such that x and y are neither in the 
same group nor in the same row is contained in exactly 2 blocks of/L (We 
may look at the points of V as the points of an array of size m x n and then 
the groups of ( V, fl, 7) are precisely the columns of A.) 
A resolvable modified group divisible design RMGD[K, 2, m, v] is a 
modified group divisible design the blocks of which can be partitioned into 
parallel classes. 
The following theorems are in the form most useful to us and may be 
found in [4]. 
THEOREM 2.8. There exists a RMG[5, 1, 5, 5m] for all m ~ 2, 3, 4, 6 
and the possible exception of m ~ { 10, 14, 18, 22, 26, 28, 30, 34, 38, 42, 
44, 52 }. 
The following two theorems are a special case of Lemma 2.3 of [4]. We 
prove one of them for the reader's convenience. 
THEOREM 2.9. I f  there exists a (1) RMGD[5, 1, 5, 5m], where m-0,  1, 
or 4 (mod 5) or m-  = 1 (rood 3), and (2) a (20 + h, 5, 2) packing design with 
a hole of size h, then there exists a (20m + h + 4u + s, 5, 2) packing design 
with a hole of  size 4u + h + s, O <~ u <~ m -1 ,  where s = O if  m - O or 1 
(mod5), s=4 if m-4  (rood5), and s=4(m-1) /3  if m-1  (mod3). 
Furthermore if tr(20 + h, 5, 2) = ~b(20 + h, 5, 2) and tr(4u + h + s, 5, 2) = 
~(4u+h+s,  5, 2) then t r (2Om+4u+h+s,  5  2 )=~t(2Om+4u+h+s,  5, 2). 
Proof Let X denote the point set of a RMGD[5, 1, 5, 5m] so that 
JXI = 5m. Inflate X by 4, that is, replace each point x EX  by four points 
582a/63/I-4 
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X 1 . . . . .  X 4. Now to each group add h points and construct a (20 + h, 5, 2) 
packing design with a hole of size h. Now take u, 0 ~< u ~< m - 1, parallel 
classes of the original design and to each parallel class add four points 
and construct a GD[5, 1, 4, 24], so we add a total of 4u points. On the 
remaining parallel classes of quintuples construct a GD [5, 1, 4, 20]. Finally, 
on the parallel class of size m (these are the rows of RMGDI-5, 1, 5, 5m]) 
we distinguish three cases: 
(a) if m = 0 or 1 (mod 5) then construct a GD [5, 1, 4, 4m ]; 
(b) if m=4 (mod5) then add four points as a new group and 
construct a GD[5, 1, 4, 4m + 4]; 
(c) if m = 1 (mod 3) then construct a RGD[4, 1, 4, 4m]. There are 
s = 4(m - 1 )/3 parallel classes, so add s new points to these parallel classes 
and take each parallel class twice. Note that the designs in (a) and (b) 
are assured by Theorem l.1 since a B[o,~c, 1] is equivalent to a 
GD[5,4,  1, v -  1]. 
If we take a RMGD[5, 1, 5, 5m] and inflate this design by two and 
construct a (12, 5, 2) packing design with a hole of size 2 on the groups 
(we will see that such a design exists by Lemma 3.1) then we have the 
following. 
THEOREM 2.10. I f  there exbts a RMGF[5, 1, 5, 5m], where m-O or 1 
(mod 5) then there exists a (10m+2u, 5, 2), O<~u<~m, packing design 
with a hole of size 2u. Furthermore if a(2u, 5,2)=~,(2u, 5,2) then 
tr(10m + 2u, 5, 2) = ~k(10m +2u, 5, 2). 
3. PROOF OF THE MAIN THEOREM 
Before giving an induction proof of Theorem 1.2, we require the 
following constructions of packing designs with holes. 
LEMMA 3.1. There exists an (o, 5, 2) packing design with a hole of size 2 
for o = 12, 14, 20, 22, and there exists an (18, 5, 2) packing with a hole of 
size 4. 
Proof For o = 12 let X = Z2 × Z5 t3 {a, b }; then the blocks are 
((0,0) (0, 1) (0, 2) (0, 3) (0, 4)} 
((1,0) (1,1) (1,2) (1,3) (1,4)} 
((0, 0) (0, 1) (1, 2) (1, 4) a} mod(-, 5) 
((0, 0) (0, 2) (1, 0) (1, 1) b} mod(-, 5). 
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For o = 14 let X= Z3 x Z4 w {a, b}; then the required blocks are 
((1, k) (1, k+l )  (2, k) (2, k+3) f (k ) )  rood(-,4), 
where f (k )  = a if k is even and f (k )  = b if k is odd 
((0, O) (0, 1) (1, 3) (2, 3) a)  mod(-, 4) 
((0, O) (0, 1) (1, O) (2, 1) b) mod(-, 4) 
((0, O) (0, 2) (1, 2) (2, O) (2, 3)) mod(-, 4). 
For v = 20 
For v = 22 
where 
For v = 
blocks are 
(1 
(1 
(1 
(1 
(1 
(1 
(2 
(2 
(2 
let X= Z2 x Zg w {a, b}; then the blocks are 
((0, O) (0, 1) (1, O) (1, 7) a)  mod(-, 9) 
(0,3) (l,4) (1,5) b) rood(-9) 
(0, 1) (0, 3) (0, 5) (1, 6)) mod(-, 9) 
(1, O) (1, 3) (1, 4) (1, 7)) mod(-, 9). 
((o,o) 
((o, o) 
((o, o) 
let X= 
(o 
(o 
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5 7 8 10) (2 6 11 14 17) (3 9 10 13 14) 
5 9 14 16) (2 7 13 14 15) (3 9 11 12 17) 
6 7 11 13) (2 8 9 12 15) (4 5 9 11 15) 
6 10 12 15) (2 8 10 11 18) (4 5 10 11 14) 
8 9 13 17) (3 5 6 8 13) (4 6 7 9 18) 
11 15 16 18) (3 5 6 15 18) (4 6 8 16 17) 
12 14 17 18) (3 7 10 15 17) (4 7 8 12 14) 
5 7 17 18) (3 7 11 12 16) (4 10 12 13 18) 
5 12 13 16) (3 8 14 16 18} (4 13 15 16 17) 
6 9 10 16) 
Z2o w {a, b}; then the required blocks are 
4 8 12 16)+i,  iGZ  4 
1 2 7 10) rood20 
(k k+2 k+5 k+9f (k ) )  rood20, 
f (k )  = a if k is even and f (k )  = b if k is odd. 
18 let X=Z18,  where the hole is {1, 2, 3, 4}; then the required 
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Note that if there exists an (v, 5, 2) packing with a hole of size h and 
tr(h, 5, 2) = O(h, 5, 2) then ~r(v, 5, 2) = ~,(v, 5, 2). In this case the blocks of 
(v, 5, 2) packing design are those of the (h, 5, 2) packing and the (v, 5, 2) 
packing with a hole of size h. 
In the next lemma we give a table describing the construction of some 
(v, 5, 2) packing designs, many with a hole of size n. In general, the 
construction is as follows. Let X= Z 2 x Z(o_n/2) k.) H n or X= Zo_,  w H, ,  
where H,= {hl,h2, ..., h,} is the hole. The blocks are constructed by 
taking the orbit of the tabulated base blocks rood(v-  n)/2) or mod(v - n), 
respectively, unless it is otherwise specified. 
To shorten our writing, we use the following notation: A block 
(k ,k+m,k+n,k+j , f (k ) )  (modv), where f (k )=a if k is even and 
f (k )  = b if k is odd, is denoted by (0, m, n, j )  u {a, b}. Similarly a block 
((0, ~) (0, ~c + rn) (0, ~:+n) (i, x+j ) f (k ) )  mod(-, v), wheref (k )=a if~: is 
even and f (k )=b if x is odd, is denoted by ((0, 0)(0, m)(0, n)(0, j ) )w  
{a,b}. 
LEMMA 3.2. There exists an (v, 5, 2) packing design for all v even, v <. 48, 
and v = 64, 68. 
Proof For v = 16, let X= Z16 then the required blocks are 
(1 3 4 5 13) (2 3 7 10 11) (3 11 12 14 16) 
(13  7 814)  (2 4 61416)  (4 5 81214)  
(14101215)  (2 5121516)  (4 7101316)  
(15  91116)  (2 8 91012)  (4 8 91115)  
(16  81016)  (211131415)  (5 6 7 811)  
(16111213)  (3 5 61015)  (5 9101314)  
(17  91415)  (3 8131516)  (6 7 91213)  
(23  4 6 9)  
For all other values of v, see Table I. 
In the next lemma we construct an (v, 5, 2) packing design for all even 
v, v ~< 300. 
LEMMA 3.3. For all o even, o <~ 300, a(o, 5, 2) = ~b(v, 5, 2). 
Proof For v~<48 and 0=64, 68 it follows from Lemmas3.1 and 3.2. 
All other constructions are illustrated in Table II. Note that for v = 66, 70, 
74 we actually take a TT[5, 2, 3, u] and inflate by 4 just as we did in 
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v Pointset Base blocks 
6 Z6 
8 Z 8 
10 Z 2 x Z 4 k5 H 2 
12 Z 2 x Z 5 to H 2 
14 Z 3 x Z4 w H 2 
18 Z18 
20 Z e x Z 9 w H e 
22 Z2o to Hi  
24 Z 2 X ZlO to H 4 
26 Z e × Zto W H 6 
28 Z e x Z12 to H 4 
30 Z28 to H~ 
32 Z3e 
34 Z 2 x Z15 to H 4 
36 Z 2 N ZI5 k.) H 6 
(0, 1, 3, 4, 5>+i,  iEZe 
(0, 1, 4, 5, 7>+i,  i EZ  4 
((0, 0) (0, 1) (0, 3) (1, 3)) to {h~, h3} 
<(0,0) (1,0)(1,1)(1,2)>to{h,,h3} 
See lemma 3.1 
See lemma 3.1 
See lemma 3.1 
See lemma 3.1 
See lemma 3.1 
((0,0) (0,2) (0,4) (0,6) (0 ,8 )>+( - , i ) ,  
<(0,0) (0,4)(1,1) (1,6)(1,9)) 
<(0,0) (0,1)(0,3)(1, 1)>U{hl, he} 
((0, O) (1, 2) (1, 4) (1, 5)> w {hi, h2} 
((0,0) (0,5) (1,4) (1,8)h3) 
<(0,0) (0,3) (1,0) (1,6)h,> 
((0,0) (0 ,1) (0 ,5) (1 ,5)>W{hl ,h2} 
((0,0) (1 ,1) (1 ,4) (1 ,6)>w{h~,he} 
((0, o) (0, 1) (0, 3) (1, 8)> vo {h3, h4} 
((0,0) (1 ,2) (1 ,3) (1 ,9)>vo {h3, h4} 
((0,0) (0,4) (1,0) (1,2)h5> 
<(0,0) (0,2) (1,3) (1,9)h6> 
<(0, O) (0, 1) (0,4) (0,6) (1, 11)> 
((0, O) (1, O) (1, 3) (1, 4) (1, 10)> 
<(0,0) (1,2) (1,6) (1,9)>u {h~,h2} 
<(0, O)(0, 1)(0, 5)(1, 1))u {h~, h2} 
<(0,0) (0,2) (1,8) (1,9)h3> 
((0,0) (0, 3) (1, 2) (1, 4) h4> 
<0, 1, 2, 4, 10> <0, 3, 8, 15, 19) 
(0, 5, 11, 18)W{hl ,h2}  
<0, 1, 2, 4, 11) <0, 3, 8, 15, 21) 
<0, 4, 10, 19, 24) 
((0, 0) (0, 3) (0, 6) (0, 9) (0, 12)) + ( - ,  i), 
((0,0) (0 ,2)(0,7)  (0 ,11)(1 ,0) )  
((0, O) (1, O) (1, 1) (1, 2) (1, 4)> 
<(0,0) (0,1) (1,2) (1,7) (1, 11)) 
<(0,0) (0,2) (1,9)(1,12)hi) 
((0,0) (0 ,3 ) (1 ,6 ) (1 ,  14)he) 
<(0,0) (0 ,5 ) (1 ,8 ) (1 ,  14)h3) 
((0,0) (0 ,7 ) (1 ,5 ) (1 ,  12)h4) 
<(0,0) (1,0)(1,2)(1,3)(1, 2)) 
<(0,0) (0,6) (O, 8) (O, 9) (1,2)) 
<(o,o) (o, 1)(0,5)(l ,  lO)> v, {h,,h> &~} 
<(0,0) (1,0) (1, 1) (1, 5)>w {h,,h2,&} 
((0,0) (0 ,4 ) (1 ,7 ) (1 ,14) )w{h3,  hl,h2} 
<(0,0) (0, 2) (1, 6) (1, 14)) h4) 
<(0,0) (0,3) (1, 1) (1,7)h5) 
((0,0) (0,5) (1, 11) (1, 13)h6) 
i~Z 2 
i~Z 3 
( Table continued) 
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TABLE I (Continued) 
o Point set Base blocks 
38 Z2XZlTkJn4 ((0,0) (0,1) (0,3) (0,8) (1,16)) 
((0,0) (0,2)(0,6)(0,9)(1,11))  
((0,0) (1,0) (1, 1) (1, 10) (1, 12)) 
((0,0) (1, 3) (1,6) (1, 7) (1, 14)) 
<(0,0) (0, 6)(1, 10)(1, 13)h1> 
<(0,0) (0,5) (1,6) (1,8)h2> 
<(0,0) (0,4) (1,4) (1,9)h3> 
<(0,0) (0,1) (1,12) (1,16)h4> 
40 Z38kJn 2 (0, 2, 3, 15, 22) (0, 1, 3, 7, 15) 
<0, 4, 9, 14, 22) (0, 6, 17, 27)u{ha,h2} 
42 Z42 (0, 1, 2, 4, 10) (0, 3, 11, 25, 30) 
(0, 4, 13, 26, 31> (0, 6, 16, 23, 30> 
44 Z2xZ2owH 4 ((0,0) (0,4) (0,8) (0,12) (0,16))+(-,0,  
46 Z4o w H 6 
48 Z44 k_) n 4 
64 Z56 W H8 
68 Z6o w H 8 
((0,0) (0,2)(0,9)(0, 12)(1,0)> 
((0,0) (0,6) (0,7) (0, 11)(1,10)) 
((0,0) (1, 1) (1, 12) (1, 13) (1, 17)> 
((0, O) (1, 5) (1, 7) (1, 14) (1, 19)> 
((0,0) (0, 6) (1,2) (1, 12) (1, 15)> 
((0,0) (0,5) (1, 10) (1, 16)h,> 
((0,0) (0,3) (1, 17) (1, 18)h2) 
((0,0) (0,2) (1,6) (1,9)h3> 
((0,0) (0,1)(1,1)(1,3)h4> 
(0, 1, 2, 4, 8) (0, 3, 13, 21, 27> 
<0, 5, 15, 26) w {h,,h2} 
(0, 5, 17, 28> w {h3, h4} 
<0, 7, 16, 25>kJ{hs, h6} 
<0, 3, 11, 16, 23> (0, 1, 2, 4, 16> 
(0, 4, 9, 26, 34> <0, 6, 19, 29>w{hl,h2} 
<0, 7, 18, 27>w{h3,h4) 
(0, 3, 11, 27, 29> (0, 4, 13, 20, 28> 
(0, 1, 2, 12, 22> (0, 5, 23, 30>~{h 1,h2} 
(0, 5, 17, 42> u {h 3, h4) 
(0, 6, 19, 41 > u {ks, h6} 
(0, 3, 9, 42) w {h7, hs} 
(0, 12, 24, 36, 48>+i, iCZ12, twice 
<0, 3, 11, 25, 30> <0, 4, 6, 21, 32> 
(0, 1, 3, 7, 21) (0, 1, 10, 23)u{h,,h2} 
(0, 5, 13, 42)w{h3, h4} 
(0, 7, 16, 33>w{hs, h6} 
(0, 10, 25, 41>w{hv, h8} 
iE Z 4 
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TABLE II 
53 
v m u h Theorem v m u h Theorem 
50 10 0 / 2.5 92-110 18 0-18 2 2.7 
52-62 10 0-10 2 2.7 112-126 20 6-20 4 or 6 2.7 
66-74 12 4-12 2 2.7 128-148 24 4-24 4 2.7 
70 12 8 2 2.7 150-186 30 0-30 0, 4 or 6 2.7 
74 12 12 2 2.7 188-208 34 14-34 4 2.7 
76-86 14 4-14 4 2.7 204-244 40 0-40 4 2.7 
88 14 14 4 2.7 246-264 44 0-44 4 2.7 
90 9 / / 2.6 266-300 50 15-50 / 2.5 
Lemma 2.1; and for l12~<v~< 126 we take a TT[5, 1, 5, u] and inflate by 4 
with 2 = 2 and in both cases we construct on the blocks of size 5 and 6 a 
GD[5, 1, 4, 20] and a GD[5, 1, 4, 24], respectively. 
We are able to prove our main theorem, which is restated below for the 
reader's convenience. 
THEOREM 1.2. For all positive and even integers v we have a(v, 5, 2) = 
0(0, 5, 2). 
Proof For v=l  or 5 (rood10) there exists a B[0,5,2] .  For v~<300 
the result is given by Lemmas3.1, 3.2, and 3.3. For o/>302, a simple 
calculation shows that v can be written in the form of v = 20m + 4u + h + 5, 
where m, u, and h are chosen so that 
a. There exists a RMGD[5,  1, 5, 5m]. 
b. 4u + h + 5 is an even number between 0 and 60. 
c. If o-= 0 (rood 20) then h = 0; otherwise h = 2. 
Now apply Theorem 2.9 and the result follows. 
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